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Abstract
This paper introduces an operation of H -lifts on restrictions of Dowling group geometries and shows how it can be
used to construct a new class of tangential (k + n)-blocks from some known tangential k-blocks.
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1. Introduction
Tangential k-blocks were introduced by Tutte [9]. They play an important role in the study of the critical problem of
Crapo and Rota [4]. The critical problem for the set S is the problem of 6nding the minimum number k with the property
that there exists a k-tuple of linear functionals on V (r; q) which distinguish S. Furthermore, Crapo and Rota proved that
the minimum number k for which there exists a k-tuple of linear functionals on V (r; q) which distinguishes S ⊆ V (r; q)
is equal to the minimum positive integer k for which 	(V (r; q)|S; qk)¿ 0. On the other hand, a matroid M is a tangential
k-blocks over GF(q) if M is simple and representable, 	(M ; qk)=0 and 	(M ′; qk)¿ 0 whenever M ′ is a proper loopless
minor of M . Thus for a given k and q, if all the tangential k-blocks were known we would have e<ectively solved a case
of the critical problem. To illustrate this, if one could prove that M (K5) was the only graphic tangential 2-block over
GF(2), one would also have a proof of the four-colour theorem. The cases where k = 1 and q= 2, and k = 1 and q= 3
have been settled in [9,10].
One approach to the study of tangential k-blocks has been to develop techniques for constructing new tangential blocks
from old ones; see for example [10,13].
This paper continues this study for tangential blocks that are embeddable in Dowling group geometries. In Section 2
we de6ne an operation called the H -lift on restrictions of Dowling group geometries. In Section 3 we give an expression
of the characteristic polynomial of an H -lift in terms of the characteristic polynomial of the original matroid. Finally in
Sections 4 and 5 we show that given a tangential k-block that is embeddable in a Dowling group geometry in a certain
canonical way, then by using a sequence of H -lifts we can construct tangential k ′-blocks over GF(q) for all k ′¿k.
2. H -lifts of matroids
In this section we develop a technique of constructing new matroids from old ones similar to vertex-joins of graphs
and q-cones of matroids. Finally we shall give some basic properties of these new matroids.
For a 6nite group H and positive integer r, Dowling [5] de6nes a rank-r geometry associated with the group H . This
geometry is called the Dowling group geometry over the group H and is denoted by Qr(H). These geometries have
received considerable attention in the literature, for example see [1,5,12].
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While we do not de6ne Dowling group geometry here we outline those properties that we need in this paper.
A rank-r Dowling group geometry over a 6nite group H has two kinds of points and three types of line. The points
are coordinate points b1; b2; : : : ; br which form a basis and non-coordinate points hij for every h∈H and every pair of
indices 16 i ¡ j6 r. The lines are, coordinate lines cl({bi; bj}) = bi ∪ bj ∪{hij|h∈H}, transversal lines {hij; gjk ; (hg)ik}
for each pair h; g∈H residing on intersecting coordinate lines and trivial lines connecting any two points not already
on a common line. It should be noted that n coordinate points are also known as the joints of Qr(H). Furthermore,
hij ∈ cl({bi; bj}).
A matroid M is representable over a group H if M ∼= Qr(H)|S for some subset S. It is known that if H is the trivial
group then Qr(H) ∼= M (Kr+1), see [5,12]. Thus the relationship between Dowling group geometries over the trivial group
and graphic matroids is clear. Furthermore, Dowling group geometries over H have many properties in common with
projective geometries over 6nite 6elds; see Bonin [2].
Recall that {b1; b2; : : : ; br} denotes the set of joints of Qr(H). Let A ⊆ cl{b1; b2; : : : ; br−1}. Then the H -lift of A in
Qr(H) is the matroid Qr(H)|A ∪ {br} ∪ {hir : h∈H; 16 i6 r − 1} and is denoted by Lr(A). The set A is the base, the
point br is the apex and the set {hir : h∈H; 16 i6 r − 1} is the set of arm elements of Lr(A). It is clear from the
de6nition that if H is a group of order q, the H -lift Lr(A) of A has (r − 1)(q) + |A|+ 1 points.
For further details and proofs of propositions in this section we refer to [7]. The following proposition is well
known.
Proposition 2.1. Let M be a matroid representable over a group H such that r(M)6 r − 1. Then for the subset
{b1; b2; : : : ; br−1} of the joints of Qr(H) there is a set A ⊆ clQr (H){b1; b2; : : : ; br−1} such that M ∼= Qr(H)|A.
Let M be a matroid with r(M)6 r−1 which is representable over Qr(H). Then a submatroid N of Qr(H) is an H -lift
of M if N ∼= Lr(A) for some A ⊆ clQr (H){b1; b2; : : : ; br−1} such that M ∼= Qr(H)|A.
A vertex-join of a graph G is a graph obtained by adjoining one new vertex x and joining x to each of the vertices
of G with a single edge. The following proposition gives the relationship between vertex-joins of graphs and H -lifts of
matroids.
Proposition 2.2. Let H be the trivial group and Lr(A) be the H -lift of A. Let Ĝ be the vertex-join of G. Then there
exists a graph G such that M (G) ∼= Qr(H)|A and Lr(A) is isomorphic to M (Ĝ).
The following example will help to clarify a subtle point of the construction of H -lifts of matroids:
Example 2.3. In the diagrams shown in Fig. 1, the elements of any Dowling group geometry not in a matroid are
represented by a box. Thus Q2(H)|A1 ∼= U1; 1 and Q3(H)|A2 ∼= U1; 1. Each Lr(Ai) corresponds to H -lifts of the matroid
U1; 1 represented by Ai.
Fig. 1.
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From Example 2.3 it is clear that we make no assumption that M is spanning. Also H -lifts of di<erent representations
of M , whether spanning or not, are not isomorphic in general.
We use H -lifts of graphic matroids to get insight into the construction of the H -lift of an empty matroid. A graph is
a star if it is tree with k edges and has a vertex of degree k. Let Gn be a graph with n vertices but no edges. It is clear
that the vertex-join of each Gn is a star with n edges. Thus the cycle matroids of the vertex-joins Ĝn are di<erent for all
n. But the cycle matroid of each Gn is an empty matroid. Thus we can view stars as vertex-joins of graphs whose cycle
matroids are empty matroids. Similarly we will view an empty matroid as a restriction of a Dowling group geometry of
a certain rank. But 6rst we need the following de6nition:
Let x be on the line of U2; q. A prong, denoted by Pr; q−1, is a matroid of rank r isomorphic to the parallel connection
of r − 1 uniform matroids U2; q at the base-point x. All subsets U2; q − {x} ⊆ Pr; q−1 are called the arms of the prong.
It is obvious that a prong Pr; q−1 has r − 1 arms. The following proposition is straightforward:
Proposition 2.4. Let H be a group of order q. Then the H -lift Lr(∅) in Qr(H) is a prong Pr; q.
3. Characteristic polynomials of H -lifts of matroids
To study the construction of tangential k-blocks using H -lifts, we need to know more about the characteristic polynomials
of H -lifts. This section will start by recalling a few properties of characteristic polynomials of matroids. Then we will
give some basic results of characteristic polynomials of H -lifts of matroids. Finally we will give a general formula for
characteristic polynomials of H -lifts in terms of the characteristic polynomials of their bases. Throughout this section, for
any H -lift Lr(A), the set A is contained in clQr (H){b1; b2; : : : ; br−1}.
For details and proofs of the next two propositions we refer to Stanley [8] and Brylawski [3].
Proposition 3.1. Let M be a matroid and F a hyperplane of M . The hyperplane F is modular if and only if it intersects
every line of M .
Proposition 3.2. Let F be a modular hyperplane of a matroid M and let C∗ = E(M)− F . Then
	(M ; ) = (− |C∗|)	(M |F ; ):
It is trivial to compute the characteristic polynomials of any uniform matroid, and those needed are listed in the next
proposition, see Welsh [11].
Proposition 3.3. Let Un;m be the uniform matroid of rank n with m elements. Then
(i) 	(Un; n; ) = (− 1)n.
(ii) 	(U2; n; ) = 2 − n + (n− 1).
Lemma 3.4. A prong Pr; q−1 has a modular hyperplane isomorphic to Pr−1; q−1.
Proof. It is clear that Pr; q−1 is isomorphic to the parallel connection of a prong Pr−1; q−1 and U2; q. Thus Pr−1; q−1 intersects
all lines of Pr; q−1. But Pr−1; q−1 is a Iat and has rank r−1. Hence by Proposition 3.1, Pr; q−1 is a modular hyperplane.
Proposition 3.5. The characteristic polynomial of a prong Pr; q−1 is
	(Pr; q−1; ) = (− 1)(− q + 1)r−1:
Proof. The proof by induction on the number of arms of the prong is straightforward.
The following corollary follows immediately:
Corollary 3.6. Let H be a group of order q− 1. Then
	(Lr(∅); ) = (− 1)(− q + 1)r−1:
For more details of the next proposition see [5,12].
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Proposition 3.7. Let H be a group of order q and let Qr(H) be a Dowling group geometry of rank r. Then
	(Qr(H); ) =
r∏
i=1
(− 1− (i − 1)q):
Next we give some lemmas and propositions which we will use later to prove the main results of this section. Recall
that si(N ) denotes the simple matroid associated with a matroid N . To simplify notation, from this point to the end of
this paper we will denote the matroid Qr(H)|A by M (A). The contraction (Qr(H)|A)=X , where X ⊆ A, will be denoted
by M (A)=X . It is clear that si(M (A)=X ) can be viewed as a restriction of Qr(H). Thus si(M (A)=X ) =Qr(H)|A′ for some
set A′ of elements of Qr(H). Moreover, the H -lift of the simple matroid associated with Qr(H)|A)=X in Qk(H) is equal
to Lk(A′).
Lemma 3.8. Let A be a subset of E(Qr(H)). Let Lr(A) be an H -lift of A and e be a base element of Lr(A). Then
(i) Lr(A)\e = Lr(A− e).
(ii) si(Lr(A)=e) ∼= Lr−1(A′) where si(M (A)=e) ∼= Qr(H)|A′.
Proof. (i) The proof is straightforward. (ii) Let br be the apex of the H -lift of M . We know that e is on the coordinate
line say cl({br−1; br−2}) with the possibility of e = br−1 or br−2. It can be observed that if the element e is contracted,
then all the elements of the base M on the coordinate line cl({br−1; br−2}) will form a parallel class with say, br−2. All
the non-base elements on the coordinate line cl({br; br−1}) will fall on the coordinate line cl({br; br−2}) and the other
coordinate lines with non-base points will be the same. Furthermore, all the other elements of the base A will fall exactly
where they will fall in M (A)=e. Hence we have Lr−1(A′) with one coordinate line cl({br; br−2}) having some parallel
elements. Hence the result.
The following corollary follows by repeated application of part (ii) of Lemma 3.8. Recall that E(M) denotes the
groundset of the matroid M :
Corollary 3.9. Let A be a subset of E(Qr(H)). Let Lr(A) be the H -lift of A and let S ⊆ A. Then si(Lr(A)=S) ∼= Lr−r(S)(A′)
where si(M (A)=S) ∼= Qr(H)|A′.
Lemma 3.10. Let H be a group of order q−1 and let A be a subset of E(Qr(H)). Let A be a set of elements in Qr(H)
spanned by a subset of joints {b1; b2; : : : ; br−2}. Then E(Lr−1(A)) is a modular hyperplane of Lr(A).
Proof. From the construction of H -lifts it can be observed that E(Lr−1(A)) ⊂ E(Lr(A)). Moreover, it can be observed
that Lr(A) is the parallel connection P(Lr−1(A); U2; q) at apex of Lr−1(A) and U2; q. Thus Lr−1(A) touches all the lines
of Lr(A). But r(Lr−1(A)) = r − 1 = r(Lr(A))− 1 and Lr−1(A) is a Iat of Lr(A). Hence Proposition 3.1 E(Lr−1(A)) is a
modular hyperplane of Lr(A).
Lemma 3.11. Let H be a group of order q − 1 and let the matroid M (A) be isomorphic to Ur−1; r−1 such that A =
{e1; e2; : : : ; er−1}. Then up to parallel classes Lr(A)\{e1; e2; : : : ; ej}={ej+1; ej+2; : : : ; er−1} ∼= Pj+1; q−1 for 06 j6 r − 1.
Proof. It is clear that Lr(A)\{e1; e2; : : : ; er−1} is isomorphic to Lr(∅). But by Proposition 2.4, Lr(∅) ∼= Pr; q−1. Hence
Lr(A)\{e1; e2; : : : ; er−1} ∼= Pr; q−1.
Now consider the matroid Lr(A)=ei. By Lemma 3.8(ii) we have si(Lr(A)=ei) ∼= Lr−1(A′) where si(M (A)=ei) ∼= Qr(H)|A′.
But since all elements of A are coloops then it is clear that M (A)=ei = M (A)\ei. Thus Lr(A)=ei ∼= Lr−1(A − ei) up to
parallel classes. Hence if we repeat this process i times we have up to parallel classes Lr(A)={e1; e2; : : : ; ei} ∼= Lr−i(A −
{e1; e2; : : : ; ei}). Without loss of generality, if we contract i base elements and delete j= r− i− 1 base elements of Lr(A)
the minor obtained is isomorphic to Lr−i(∅) up to parallel class. But by Proposition 2.4, Lr−i(∅) is isomorphic to a prong
Pr−i; q−1 = Pj+1; q−1. Hence the result.
Proposition 3.12. Let H be a group of order q− 1 and let M (A) be isomorphic to Ur; r . Then
	(Lr+1(A); ) = (− 1)(− q)r :
Proof. The proof is by induction on |A|. Let |A|= 1. Then L2(A) ∼= Q2(H). But Q2(H) is isomorphic to P2; q. Hence by
Proposition 3.5
	(L2(A); ) = (− 1)(− q):
Thus the result holds when |A|= 1.
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We assume that it holds when |A|= n− 1. Thus 	(Ln(A); )= (− 1)(− q)n−1. Now we consider when |A|= n. Thus
we consider the characteristic polynomial of the H -lift Ln+1(A). We know that Un; n ∼= Un−1; n−1{e} for some coloop e.
Thus if Un; n ∼= M (A) then Un−1; n−1 ∼= M (A)\e. Moreover, e is not a coloop of the H -lift Ln+1(A). Hence
	(Ln+1(A); ) = 	(Ln+1(A)\e; )− 	(Ln+1(A)=e; ): (3.1)
But by applying Lemma 3.10 we know that E(Ln(A − e) is a modular hyperplane of Ln+1(A − e). By Proposition 3.8
Ln+1(A − e) ∼= Ln+1(A)\e. Hence by Proposition 3.2 	(Ln+1(A)\e; ) = ( − q + 1)	(Ln(A − e); ). But by induction
assumption
(− q + 1)	(Ln(A− e); ) = (− q + 1)(− 1)(− q)n−1:
We know that all elements of M (A) are coloops; hence it follows that M (A)=e = M (A − e). Thus Ln(A′) ∼= Ln(A − e)
where si(M (A)=e) ∼= Qr(H)|A. But by part (ii) of Lemma 3.8, it follows that up to parallel class Ln+1(A)=e is isomorphic
to Ln(A′). Thus Ln+1(A)=e ∼= Ln(A− e). Hence by the induction assumption
	(Ln+1(A)=e; ) = 	(Ln(A− e); ) = (− 1)(− q)n−1:
Substituting 	(Ln+1(A)=e) and 	(Ln+1(A)\e) back in Eq. (3.1) we get
	(Ln+1(A); ) = (− q + 1)(− 1)(− q)n−1 − (− 1)(− q)n−1
= (− 1)(− q)n−1(− q + 1− 1)
= (− 1)(− q)n:
Hence the result holds for the H -lift Lk+1(A) of any matroid M (A) isomorphic to Uk; k .
Now we are in a position to state and prove the main theorems of this section. We give two theorems, 6rst we give
the characteristic polynomial of the H -lift of A if A spans the base of the H -lift and 6nally we give the characteristic
polynomial of the H -lift of A if A does not span the base of the H -lift.
Theorem 3.13. Let H be a group of order q − 1 and let M (A) be Qr+1(H)|A with r(A) = r for some set A ⊆
clQr+1(H){b1; b2; : : : ; br}. Then
	(Lr+1(A); ) = (− 1)	(M (A); − q + 1):
Proof. The proof is by the induction on |A|. Let r be any non-negative integer. Let M (A) be a matroid with rank r and
|A|= r. Then M (A) is isomorphic to a free matroid Ur; r . Hence by Proposition 3.12, 	(Lr+1(A); ) = (− 1)(− q)r . We
can rewrite this as 	(Lr+1(A); ) = (− 1)(− q + 1− 1)r . Recall from Proposition 3.3 that 	(Ur; r ; ) = (− 1)r . Thus
	(Lr+1(A); ) = (− 1)	(Ur; r ; − q + 1)
= (− 1)	(M (A); − q + 1):
Therefore, the theorem holds for a rank-r matroid with r elements.
We assume that it holds for M (A) with an arbitrary rank r and |A|6 k for some k¿ r. Now we consider M (A) with
rank r and |A|= k+1. It can be easily observed that there is an element e∈A such that e is not a coloop of either M (A);
furthermore, no element of Lr+1(A) is a coloop. Thus if we take such an element e,
	(Lr+1(A); ) = 	(Lr+1(A)\e; )− 	(Lr+1(A)=e; ): (3.2)
We know that Lr+1(A)\e ∼= Lr+1(A− e) by Lemma 3.8(i). Hence by induction assumption we get
	(Lr+1(A)\e; ) = (− 1)	(M (A− e); − q + 1)
= (− 1)	(M (A)\e; − q + 1):
By Lemma 3.8(ii) we know that up to parallel class Lr+1(A)=e ∼= Lr(A′) where si(M (A)=e) ∼= Qr(H)|A′. Hence by the
induction assumption we get
	(Lr+1(A)=e; ) = 	(Lr(A
′); )
= (− 1)	(M (A′); − q + 1)
= (− 1)	(si(M (A)=e); − q + 1)
= (− 1)	(M (A)=e; − q + 1):
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Hence, substituting 	(Lr+1(A)\e; ) and 	(Lr+1(A)=e; ) back in Eq. (3.2) we get
	(Lr+1(A); ) = (− 1)	(M (A)\e; − q + 1)− (− 1)	(M (A)=e; − q + 1)
= (− 1)(	(M (A)\e); − q + 1)− 	(M (A)=e; − q + 1))
= (− 1)	(M (A); − q + 1):
Thus it is true |A|= k + 1. Hence the result holds for any M (A) with rank r and any number of elements.
Theorem 3.14. Let H be a group of order q − 1 and let M (A) be Qr+n(H)|A with r(A) = r for some n¿ 1 and
A ⊆ cl{b1; b2; : : : ; br}. Then
	(Lr+n(A); ) = (− 1)(− q + 1)n−1	(M (A); − q + 1):
Proof. The proof is by induction on the di<erence in ranks of M (A) and the H -lift Lr+n(A). We 6x M (A) with rank r
and take the H -lifts of A in Qr+n(H). Let n= 1. Then A spans the base of the H -lift Lr+1(A). Hence by Theorem 3.13
	(Lr+1(A); ) = (− 1)(− q + 1)0	(M (A); − q + 1):
Thus the result holds for n = 1. We assume that it is true for a certain integer k ¿ 1 and M (A) that 	(Lr+k(A); ) =
( − 1)( − q + 1)k−1	(M (A);  − q + 1). Now consider an integer (k + 1) and M (A). By Lemma 3.10, E(Lr+k(A))
is a modular hyperplane of Lr+k+1(A). But we know that |E(Lr+k+1(A))| − |E(Lr+k(A))| = q − 1. Thus the cocircuit
C∗ = E(Lr+k+1(A))− E(Lr+k(A)) has cardinality q− 1. Hence by Proposition 3.2 and induction assumption
	(Lr+k+1(A); ) = (− q + 1)	(Lr+k(A); )
= (− q + 1)(− 1)(− q + 1)k−1	(M (A); − q + 1)
= (− 1)(− q + 1)k	(M (A); − q + 1):
Therefore, it holds for any H -lift of A with r(A) = r in Qr+n(H).
It is worth noting that in this construction of H -lifts, if we start with inequivalent representations of M in the rank-r
Dowling geometry, the H -lifts obtained for di<erent representations, although not isomorphic, have the same characteristic
polynomial.
4. Sequences of H -lifts of matroids
In this section we discuss the characteristic polynomial of a matroid obtained after a sequence of H -lifts of a certain
type of restriction of a Dowling geometry . Furthermore, we discuss the characteristic polynomials of the minors obtained
after contracting Iats of this matroid. This section prepares us for the main result of this paper, the construction of
tangential (k + n)-blocks using the operation of H -lifts.
To simplify notation, the matroid obtained after a sequence of n H -lifts of A where the base of each H -lift in Qr(H)
has rank r − 1 is denoted by Lnr (A), that is
Lnr (A) = Lr+n(Lr+n−1(: : : (Lr+3(Lr+2(Lr+1(A)))) : : :)):
Note that in this case both Lnr (A) and Lr+n(A) are rank-(r+n) submatroids of Qr+n(H) but the matroids L
n
r (A) and Lr+n(A)
are not necessarily isomorphic. Also Lr+1(A) = L1r (A). Let X ⊆ E(Qr(H)). Then X is well placed in Qr(H) if X contains
a subset B of {b1; b2; : : : ; br−1} such that r(B) = r(X ).
Lemma 4.1. Let H be a group of order q−1, let A be well placed in Qr(H) and let X ⊆ A. Then si(M (A)=X ) ∼= Qr(H)|A′
for some subset A′ that is well placed in Qr(H).
Proof. Since A is well placed, A contains a subset B of {b1; b2; : : : ; br−1} such that r(B) = r(A). Observe that if we
contract any point a on line cl({b1; b2}) then all the points on that line will be a parallel class to either b1 or b2 in
M (A)=a. It is clear that if we repeat this process contracting all the elements of X we have si(M (A)=X ) with a set of
joints B which spans M (A)=X .
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Lemma 4.2. Let H be a group of order q− 1 and let A be well placed in Qr(H) with r(A)= r− 1. Let x be an element
of Lr(A). Then
(i) si(Lr(A)=x) ∼= M (A) if x = br .
(ii) si(Lr(A)=x) ∼= Lr−1(A′) for some well placed subset A′ of Qr(H) if x = br .
Proof. Assume x=br . Observe that in Lr(A)=x all the arm elements {hir : h∈H; 16 i6 r−1} are parallel to the joint bi.
But we know that A contains the set of joints {b1; b2; : : : ; br−1} since it is well placed. Hence si(Lr(A)=x) is isomorphic
to M (A).
If x is not the apex of Lr(A), then x is either a base element or an arm element. If x is a base element, then Lemma
3.8 shows that si(Lr(A)=x) ∼= Lr−1(A′) where si(M (A)=x) ∼= Qr(H)|A′. By Lemma 4.1 si(M (A)=x) is a well placed
in Qr(H).
Now let x be an arm element of Lr(A). Assume that x is on the line cl({br; br−1}). Observe that if we contract x
then all the elements on the line cl({br; br−1}) will form a parallel class at br−1. Moreover, all the other arm elements
{hir : h∈H; 16 i6 r − 2} will fall on the line cl({bi; br−1}). Since each arm has all possible elements then each line
cl({bi; br−1} for i = {1; 2; : : : ; r − 2} will have all possible q − 1 elements up to parallel classes. Thus we have up to
parallel classes a matroid in Qr−1(H) restricted to the following set of elements:
{hi(r−1) : h∈H; 16 i6 r − 2} ∪ {br−1} ∪ clLr (A)({b1; b2; : : : br−2}):
Thus we have an H -lift of the set clLr (A)({b1; b2; : : : ; br−2}) in Qr−1(H). But we know that clLr (A)({b1; b2; : : : ; br−2}) ⊂ A
and it is clear that it is well placed in Qr(H). Hence the result.
The next corollary follows by repeatedly applying Lemma 4.2.
Corollary 4.3. Let A be well placed in Qr(H). Let F be a nonempty 4at of Lr(A). Then
(i) si(Lr(A)=F) ∼= M (A′) where M (A′) is a simple minor of M (A) if F contains br .
(ii) Otherwise si(Lr(A)=F) ∼= Lr−r(F)(A′) for some well placed subset A′ of Qr(H). Moreover, M (A′) is a loopless proper
minor of M (A) up to parallel class.
The next corollary is an immediate consequence of Corollary 4.3. To simplify notation in the next Lemma L0r (A)=M (A).
Corollary 4.4. Let H be a group of order q− 1 and let A be well placed in Qr(H). Let F be a nonempty 4at of Lnr (A).
Then
(i) si(Lnr (A)=F) ∼= Lkr (A) for 06 k ¡n or
(ii) si(Lnr (A)=F) ∼= M (A′) where M (A′) is a minor of M (A) or
(iii) si(Lnr (A)=F) ∼= Lkr′(A′) for 06 k6 n and some well placed subset A′ of Qr(H). Moreover, M (A′) is a loopless
proper minor of M (A).
Lemma 4.5. Let H be a group of order q−1 and let A be well placed in Qr(H) with r(A)= r−1. Let F be a nonempty
4at of Lnr (A). Assume l¿ 1 is an integer such that 	(M (A); l)=0 and for i ¿ 0, that 	(M (A); l+ i(q− 1))¿ 0 and for
all proper loopless minors M (A′) of M (A) and j¿ 0, that 	(M (A′); l+ j(q− 1))¿ 0. Then for any positive integer n
(i) 	(Lnr (A); l+ n(q− 1)) = 0,
(ii) 	(Lnr (A); l+ i(q− 1))¿ 0 if i¿ (n+ 1) and
(iii) 	(Lnr (A)=F ; l+ j(q− 1))¿ 0 if j¿ n.
Proof. The proof is by induction on the number of sequence of H -lifts done on A. Let n=1. Recall from Theorem 3.13
that
	(Lr(A); ) = (− 1)	(M (A); − q + 1):
(i) We substitute  with l+ q− 1 to get
	(Lr(A); l+ q− 1) = (l+ q− 1− 1)	(M (A); l+ q− 1− q + 1)
= ((l+ q− 2)	(M (A); l):
But we know that 	(M (A); l) = 0. Hence 	(Lr(A); l+ q− 1) = 0.
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(ii) By Applying Theorem 3.13 and substituting  with l+ i(q− 1) where i¿ 2, we get
	(Lr(A); l+ i(q− 1))
=(l+ i(q− 1)− 1)	(M (A); l+ i(q− 1)− q + 1)
=(l+ i(q− 1)− 1)	(M (A); l+ (i − 1)(q− 1)):
But we know that 	(M (A); l+(i−1)(q−1))¿ 0 if (i−1)¿ 0. Moreover, (l+ i(q−1)−1)¿ 0 since both l; q¿ 1
and i¿ 2. Hence 	(Lr(A); l+ i(q− 1))¿ 0 if i¿ 2.
(iii) By Lemma 4.3 we know that either Lr(A)=F ∼= M (A′) or Lr(A)=F ∼= Lr−r(F)(A′) such that M (A′) is a minor of M (A)
up to parallel class. It is clear that 	(Lr(A)=F ; l+ j(q− 1))¿ 0 for j¿ 1 when Lr(A)=F ∼= M (A′). So we only need
to show that 	(Lr(A)=F ; l + j(q − 1))¿ 0 for j¿ 1 when Lr(A)=F ∼= Lr−r(F)(A′). We know that M (A′) is a minor
of M (A) up to parallel class by Lemma 4.3. Thus if we substitute  with l+ j(q− 1) for j¿ 1 we get
	(Lr−r(F)(A
′); l+ j(q− 1))
=(l+ jq− j − 1)	(M (A′); l+ j(q− 1)− q + 1)
=(l+ jq− j − 1)	(M (A′); l+ (j − 1)(q− 1)):
But we are given that 	(M (A′); l+(j− 1)(q− 1))¿ 0 for (j− 1)¿ 0. Moreover, it is clear that l+ jq− j− 1¿ 0.
Hence we have 	(Lr(A)=F ; l+ j(q− 1))¿ 0 for all Iats F of Lr(A) when j¿ 1.
Hence this lemma holds when n= 1.
Assume it is true for some n6 k that 	(Lkr (A); l + k(q − 1)) = 0, 	(Lkr (A); l + i(q − 1))¿ 0 if i¿ (k + 1) and
	(Lkr (A)=F ; l+ j(q− 1))¿ 0 if j¿ k. Now consider n= k + 1. We know that Lk+1r (A) = Lr+k+1(Lkr (A)).
(i) By applying Theorem 3.13 and substituting  with l+ (k + 1)q− (k + 1) we get
	(Lk+1r (A); l+ (k + 1)q− (k + 1))
=(l+ (k + 1)q− (k + 1)− 1)	(Lkr (A); l+ (k + 1)q− (k + 1)− q + 1)
=l+ (k + 1)q− (k + 2)	(Lkr (A); l+ kq− k):
But by the induction assumption 	(Lkr (A); l+ kq− k) = 0. Hence 	(Lk+1r (A); l+ (k + 1)q− (k + 1)) = 0.
(ii) By Applying Theorem 3.13 and substituting  with l+ i(q− 1) where i¿ (k + 2), we get
	(Lk+1r (A); l+ i(q− 1))
=(l+ i(q− 1)− 1)	(Lkr (A); l+ i(q− 1)− q + 1)
=(l+ i(q− 1)− 1)	(Lkr (A); l+ (i − 1)(q− 1)):
But by the induction assumption 	(Lkr (A); l+(i−1)(q−1))¿ 0 if (i−1)¿ (k+1). Moreover, (l+ i(q−1)−1)¿ 0
since both l; q¿ 1 and i¿ (k + 2). Hence 	(Lk+1r (A); l + i(q − 1))¿ 0 if i¿ (k + 2). Thus by Corollary 4.4 the
minors of Lk+1r (A) of the form L
m
r (A) for m6 k satis6es 	(L
m
r (A); l+ (k + 1)(q− 1))¿ 0.
(ii) By Corollary 4.4 we have the following: either si(Lk+1r (A)=F) ∼= M (A′) or si(Lk+1r (A)=F) ∼= Lmr′(A′) where m6 (k+1)
and M (A′) is a minor of M (A). Hence if si(Lk+1r (A)=F) ∼= M (A′) then by the induction assumption we know
	(M (A′); l+ j(q− 1))¿ 0 if j¿ k. Hence 	(Lk+1r (A)=F ; l+ j(q− 1)¿ 0 if j¿ k+1. Now we only remain to show
for the minors Lk+1r (A)=F ∼= Lk+1r′ (A′) since by the induction assumption we know it holds for minors of the form
Lnr′(A
′) for n6 k. By applying Theorem 3.13 and substituting  with l+ j(q− 1) where j¿ k + 1, we get
	(Lk+1r (A)=F ; l+ j(q− 1))
=	(Lk+1r′ (A
′); l+ j(q− 1)
=(l+ j(q− 1)− 1)	(Lkr′(A′); l+ jq− j − q + 1)
=(l+ j(q− 1)− 1)	(Lkr′(A′); l+ (j − 1)(q− 1):
By the induction assumption 	(Lkr′(A
′); l+ (j− 1)(q− 1))¿ 0 if (j− 1)¿ k. Moreover, l+ j(q− 1)− 1¿ 0. Thus
	(Lk+1r (A)=F ; l+ j(q− 1))¿ 0 if j¿ k + 1.
Thus the theorem holds for any sequence of H -lifts of A.
E.G. Mphako /Discrete Mathematics 285 (2004) 201–210 209
5. H -lifts of tangential blocks
In this section we discuss how to construct tangential (k+ n)-blocks using a sequence of H -lifts of tangential k-blocks.
We conclude this section and paper by giving a speci6c class of tangential k-blocks over GF(q) for which tangential
(k + n)-blocks can be constructed using H -lifts.
There are several types of known tangential k-blocks which are representable over a group H . For example see
Whittle [12]. However, we are only interested in tangential k-blocks isomorphic to Qr(H)|A such that the set of joints
{b1; b2; : : : ; br−1} ⊆ A.
The following lemma is well known:
Lemma 5.1. A matroid M is a tangential k-block over GF(q) if and only if the following conditions hold:
(i) M is simple and representable over GF(q),
(ii) 	(M ; qk) = 0,
(iii) 	(M=F ; qk)¿ 0 whenever F is non-empty.
The following theorem enables us to construct new tangential (k + n)-blocks using H -lifts of tangential k-blocks with
a special condition:
Theorem 5.2. Let H be a group of order q− 1 and let A be well placed in Qr(H) with r(A) = r − 1 such that M (A) is
a tangential k-block over GF(q). Let 	(M (A); qk + q − 1)¿ 0 and 	(M (A)=F ; qk + n(q − 1))¿ 0 for all n¿ 0 and F
a 4at of M (A). Let j =
∑n−1
i=0 q
k+i. Then Ljr(A) is a tangential (k + n)-block over GF(q).
Proof. Let M (A) be a tangential k-block over GF(q) and let F be a Iat of M (A). Then by Lemma 5.1, M (A) is simple,
	(M (A); qk) = 0 and 	(M (A)=F ; qk)¿ 0. Thus our tangential k-block over GF(q) satis6es the hypothesis of Lemma 4.5.
Hence the following:
For any positive integer n if we take a sequence of j=
∑n−1
i=0 q
k+i H -lifts of A we obtain a matroid Ljr(A). By application
of Lemma 4.5 the characteristic polynomial of Ljr(A) satis6es the following 	(L
j
r(A); qk + j(q− 1)) = 0. But
qk + j(q− 1) = qk +
n−1∑
i=0
qk+i(q− 1)
= qk + (qk+1 + qk+2 + · · ·+ qk+n)− (qk + qk+1 + · · ·+ qk+n−1)
= qk+n:
Hence 	(Ljr(A); qk + j(q− 1)) = 	(Ljr(A); qk+n). Thus we have 	(Ljr(A); qk+n) = 0. Furthermore, if F ′ is a Iat of Ljr(A),
then by Lemma 4.5 the characteristic polynomial of Ljr(A)=F ′ satis6es the following 	(L
j
r(A)=F ′; qk + j(q−1))¿ 0. Hence
	(Ljr(A)=F ′; qk+n)¿ 0. Now we have a matroid L
j
r(A) whose characteristic polynomial satis6es 	(L
j
r(A); qk+n) = 0 and
the characteristic polynomials of Ljr(A)=F ′ for any Iat F ′ satis6es 	(L
j
r(A)=F ; qk+n)¿ 0. Moreover, L
j
r(A) is simple by
construction. Thus we have constructed a new tangential (k + n)-block Ljr(A) over GF(q).
As an example of this construction of tangential (k + n)-blocks we can make a generalization of the H -lifts of special
type of tangential blocks isomorphic to M (Kqk+1). It is well known that if H
′ is a trivial group then Qr(H ′) ∼= M (Kr+1).
Moreover, it is well known that M (Kqk+1) is a tangential k-block over GF(q).
The next proposition can be easily proved by using the axiom scheme of characterization Dowling group geometries
developed by Bennett et al. [1].
Proposition 5.3. Let Qr(H)|A be such that A only contains all the coordinate points {b1; b2; b3; : : : ; br} and all the
identity elements of the form eij for all pairs of indices 16 i6 j6 r. Then M (A) ∼= M (Kr+1).
Corollary 5.4. For any group H there exists a well placed subset A in Qr(H) such that M (A) ∼= M (Kr).
Theorem 5.5. Let M (A) be isomorphic to M (Kqk+1) such that A is well placed in Qqk+1(H). Let j =
∑n−1
i=0 q
k+i. Then
Ljr(A) is a tangential (k + n)-block over GF(q).
Proof. We know that M (A) is a tangential k-block over GF(q). We also know that
	(M (A); ) = (− 1)(− 2) : : : (− qk):
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Moreover, it is clear that 	(M (A); )¿ 0 for all ¿qk . Thus 	(M (A); qk + j(q− 1))¿ 0. Thus by Theorem 5.2, Ljr(A)
is a tangential (k + n)-block over GF(q).
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